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1. Konvexní množina, konvexní obálka množiny (definice). 
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(4)
Aha...konvexni obalky lze delat asi jen do konvexnich tvaru ... (1 – a) p + aq, where .... to si pamatuji z optimalizace ... ale co to udava? konvexni kombinaci? WTF? to je ta usecka pq, a libovolny bod m, ktery na ni lezi je dan tim vztahem, pokud mohu najit takove alfa, aby ten vyraz se rovnal tomu m.
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(5)
metric space - 2 body maji definovanou vzdalenost mezi sebou, r-neigh.. - polomer r>0, okoli je to neigh..

a muhou nastat 3 pripady, bud:
1) cele r je podmnozinou S
2) cele r je mimo S
3) r je castecne v S
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(6)
Ale plati, ze kazda otevrena je zaroven uzavrena? ano? pak tedy kazda otevrena je zaroven clopen. tak closed, nemuze byt open, no že všechna positivní racionální čísla jejichž druhá mocnina je vyšší 2 patří do clopen
bounded muze byt i open, mas treba tu kruznici open, tak ji muzes obalit nejakym ball s finite radius, takze je bounded, kdyby jsi mel treba nejakou polorovinu nekonecnou, nebo neco takovyho nekonecne dlouhyho, tak to do finite kruznice nedas.
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Open je nejaka oblast (kus plochy) a ten kus plochy mohu obalit nejakou kruznici, proto ten kus plochy je bounded
unbounded jsou nejake nekonecne plochy, ktere nedas do kruznice
unbouded = nekonecna plocha
bounded = konecna plocha
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(7)
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(9)
inkremental alg. jsou takove ze behem sveho behu zpracovavaji po jednom prvku, step-by-step
online algoritmy - dostavaji data postupne
offline algoritmy - maji vsechna data na zacatku
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(10)
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(11)
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(12) Graham’s scan – incremental alg.
Takze seradime podle x, udelame upper hull, lower hull a spojime, takze zasobnik H a tam hazeme navstivene uzly, dame tam dva prvni uzly a koukame dal na treti, pokud je uhel 1 - 2 - 3 vetsi nez 180°, tak pop H a opakuj dokud je vetsi nez 180, pak udelame push ten treti bod a vysledek je upper hull, symetrikcky pro lower hull.
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(13)
Tady se resi ta orientace, to je mozna lepsi nez uvazovat nad uhlem 180°, proste nalevo / napravo a ta fce orient ... háže co? vzdalenost toho bodu r od usecky pq, bud je 0, tak je na usecce nebo je na jednu stranu pak je kladna nebo na druhou pak je zaporna, ale vzdalenost jako vzdalenost se pocita obtizneji, pze tam musis normalizovat apod. takze ono staci jen nejakou vzdalenost, ktera treba neodpovida metrice, ale presto plati vetsi mensi.
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(17)
Pak prochazis kazdej bod a testujes orient, takze O(n), nekolik jich smazes, taky O(n) a udelas to 2x pro up a bottom
takze celkove O(n log n) (pro nesortovana data).
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(18)
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(19)
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(20) Convex hull by D&C
OK, tak dejme tomu mame 2 hully, strana 20, potrebujem sestrojit upper a lower tangent a ty vnitrni hrany odstranit

jo, tanget = asi tecna (myslim ze to nejak tak bylo v conics dual) a ty 2 hully jsme vyrobili taky timto alg? nebo třeba scanem? asi taky timhle algoritmem, proste rekurzivne zacnu delit na mensi casti az se dostaneme na body - co bod to hull a pak zpetne je spojujeme, aha, ty hully mohou byt posunute, pak by to nefungovalo, spojit maxima, ok


ok, takze najdeme a je rightmost a b je leftmost a pak jedeme nahoru a dolu, dokud to jde a mame upper a lower hrany.
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(21)
sort klasika O(n log(n)), upper a lower tangent k nim musim vyšplhat ... takže n, spojeni jen asi nějaká práce s pointerama, jj, proste napojim jednu horni a dolni, a pak mazu vnitrni, kterych muze byt n, celkem: O(n log(n))
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(25)
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(25, 26) Jarvis’s March – selection by gift wrapping
Jarvis ... O(nh) h point on CH
Najdeme nejnizsi a obalujeme okolo, takze hledame body s nejmensim uhlem.
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(27)
rare – ojedinělý, nejhorsi je to, kdyz vsechny body jsou na CH.
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2. Výpočet a reprezentace konvexní obálky ve 3D.
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(13)
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(14)
Jasne to bude takovy ten zapis: alfa*A + (1-alfa)*B 
Takze timhle muzeme vyjadrit nejakou usecku, nebo trojuhelnik ci nejaky polygon. Jo, proste mas tri body a nejaky lambdy, tak s tema lambdama posouvat ten bod uvnitr. 3 body.
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(15)
Co je hyperplane? nadrovina, jakože nadroviny jiné roviny? Mas treba prostor n-dimenzi, tak n-1 prostor je hyperplane, proste rozdeluje prostor na dve pulky

pro 2D je hyperplane 1D primka
pro 3D je to rovina
Polytop je asi nejaky zakladni tvar, pro 2D trojuheknik, pro 3D ctyrsten a tak dal.
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(16)
Facet je tedy stena, face je cokoliv s nizsi dimenzi

facet:   n-1
face:    cokoliv mensi nez n, face je treba bod, usecka, stena; facet je stena.
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(20)
Tetrahedron - proste pocet facu, kdyz znas dimenzi.
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(21)
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(22)
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(24)
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(29)
Takze sestavime ten ctyrsten, pak znahodnime body, tedy jejich poradi a pridavame do CH. Pri pridavani odstranujeme hrany a body, ktery jsou uvnitr, podle obrazku, no mozna ze nebude nahodna, stejne prolezes vsechny body nakonec.
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De

ions from topology in metric spaces

= Convex set S may be bounded or unbounded
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Online x offline algorithms

= Incremental algorithm
— Proceeds one element at a time (step-by-step)
= Online algorithm (must be incremental)
— is started on a partial (or empty) input and
— continues its processing as additional input data
becomes available (comes online, thus the name).
— Ex.: insertion sort
= Offline algorithm (may be incrementai)
— requires the entire input data from the beginning
— than it can start
— Ex.: selection sort
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Graham’s scan

= Incremental O(n log n) algorithm
= Objects (points) are added one at a time

= Order of insertion is important
— Random insertion
—> we need to test: is-point-inside-the-hull(p) €9
— Ordered insertion
Sort points according to x and add them left to right - it
guarantees, that just added point is outside current hull
- Original aigorithm sorted the angles around the point with minimal y
+ Sorting x-coordinates is simpler to implement than sorting of angles
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Graham’s scan

= O(n log n) for unsorted points, O(n) for sorted pts.
= Upper hull, then lower hull. Merge.

= Minimum and maximum on x belong to CH
upper b

lower hul
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Graham’s scan — incremental algorithm

08
GrahamsScan(points p) N
Input  points p 3
Output: CCW points on the convex hull
1. sort points according to increasing x-coord -> {py, py. ... pg} _ SEkH
2 [push(p,, H), push(p,, H) upper hull
3. 5tondo
4" |; while( size(H) = 2 and orient{ sos, fos, p,) = 0) // skip left turns
5 popH 1l (back-tracking
5 [F push(p, H) 1 store right tum
7. |store H to the output (in reverse order) 1/ upper hull
5 Symmetricaly the lower hull
’ -
H
| ot [
| | | T
»
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Position of point in relation to segment

>0  risleft from pg, CCW orient
orient(p, g, r)y =0  if(p, g, r)are collinear
<0  risright from pg, CW orient

Point ris: left from pg onsegmentpg  right from pq

re 3
a L p

p,/ p/ '/'r‘

Convex polygon with edges pq and ar or
Triangle pgr: is CCW oriented  degenerated is CW oriented

7 to line
‘ ¥
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Complexity of Graham’s scan

= Sorting according x —O(nlog n)

= Each point pushed once - O(n)

= Some (d; = n) points deleted while processing p;
—o(n)

- The same for lower hull - O(n)

= Total O(n log n) for unsorted points
O(n) for sorted points
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Divide & Conquer

- ©(nlog(n)) algorithm
= Extension of mergesort
= Principle
— Sort points according to x-coordinate,
— recursively partition the points and solve CH
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Convex hull by D&C

ConvexHUIID&C/ points P )

Input:  points p

Output: CCW points on the convex hull
1. Sort points P according to x

2. retum hull( P )

3. hull( points P )
4 ifIPI=3then -

5 compute CH by brute force, 1 fLowertangent
6 return

7. Parttion P into two sets L and R (with lower & higher coords x)
8 Recursively compute H, = hull(L), Hg = hull(R)

9 H=Merge hulls(H,, Hg) by computing

10, Upper_tangent( Hy. He) / find nearest points, H_ CCW, Hg CW
1 Lower_tangent( Hy_ He) // (H, CW, Hg CCW)
12 discard points between these two tangents.

13 retunH




image14.png
Search for upper tangent (lower is symmetrical)

Upper_tangent( Hy, Hg) e

Input: ~ two non-overlapping CH's
Output: upper tangent ab

rightmost H_
leftmost He

. a
2b

3. while( ab is not the upper tangent for H, Hg)do 1 1o o
4. whie(ab s not the upper tangent for H,) a = a.succ 1/ move CCW.
5
6

pred I/ move CW.

while( ab is not the upper tangent for Hy)
Retum ab

Where: (ab s not the upper tangent for H,) => orient(a, b, a.succ) =0
which means a.succ is left from line ab

H,|+ |Hal <|L| +|R| => Upper Tangent: O(m) = O(n)
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Convex hull by D&C complexity

= Initial sort O(n log(n))
- Function hull()
— Upper and lower tangent o)
— Merge hulls o(1)
— Discard points between tangents O(n)
= Overall complexity
— Recursion 4 it
Tim = {ZT(n/Z) +0(n) ... otherwise
— Overall complexity of CH by D&C: => O(n log(n))
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Jarvis’s March — selection by gift wrapping

= Variant of O(n?) selection sort
= Output sensitive algorithm
= O(nh) ... h=number of points on convex hull
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Jarvis’s March

JarvisCH(points P)
Input: " points p
Output: CCW points on the convex hull
s
1. Take point p, with minimumy-coordinate, Pt [
11, wil be the first point in the hull
Take a horizontal ine, i.e., create temporary point pg = (=2, p.Y)
i=1
repeat
1 Rotate the line around p, until bounces to the nearest point q
1 1 compute the smalest angie by the smallest orent(p. p. 9)
6 1
! p, = the bounced nearest point g
7. unl (q=py)

Cupursersive sgorthm
Complexity: O(n)+ O(n)*h =>O(h"n)
A EE oy v wimslionof jicindii Sl casivishills ¢ B 0
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= Worst case complexity analysis analyzes the worst
case data

— Presumes, that all (const fraction of) points lie on the CH
— The points are ordered along CH
=>We need sorting => 0(n log n) of CH algorithm
= Such assumption is rare
— usually only much less of points are on CH
= Output sensitive algorithms

— Depend on: input size n and the size of the output f
— Are more efficient for small output sizes
__ Reasonable time for CH is O(n log h)




image19.png
Conclusion in 2D

= Graham's scan:  O(n log n), O(n) for sorted pts

= Divide & Conquer: O(n log n)

= Quick hull: O(n log n), max O(n?) ~ distrib.
. Janis'smarch:  O(hn), max O(n2) ~ pts on CH

. Chan'salg.: O(nlog h) ~ pts on CH
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Convex hullin 3D

= Terminology
= Algorithms
~ Gift wrapping

— D&C Merge
— Randomized Incremental
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Terminology

= Polytope (d-polytope)
= convex hull of finite set of points in E¢

.mm mmw

= Simplex (k-simplex)
= CH of k + 1 affine independent points
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Terminology (2)

= Affine combination
= linear combination of the points {py, P, ..., Po}
whose coefficients {1, 1, -.., A} sum to 1, and , = R

o A
g D, -
= Affine independent points
= no one point can be expressed as affine combination of
the others
o0
= Convex combination DZ/D/ N
= linear combination of the points {p,, P,, ..., P}
whose coefficients {1, ,, ., 1} sum to 1, and 4, e R%
(e, Yie{l, K, =0

b2
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Terminology (3)

Any (d-1)-dimensional hyperplane h divides the space into
(open) halfspaces h* and Ir,

sothat E"=h*Uhu -

Def- 7

h*UhTr = Uh (closed halfspaces)

Hyperplane supports a polytope £
(Supporting hyperplane)

~ ifhn Pis not empty and

— if Pis entirely contained within either h* or -

. . ”
In 2D: " @ ” ) —n
A JSY RIS -

~ s
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Faces and facets

= Face of the polytope
= Intersection of polytope P with a supporting

hyperplane h
~ Faces are convex polytops of dimension d ranging
fromOtod—1 g

Proper faces:

— O-face = vertex
— ‘-face = edge
— (d - 1)face = facet

In 3D we often say face, but it means correctly a facet
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Number of faces ona d plex

= Number of j-dimensional faces on a d-simplex
= number of (j+1)-element subsets from domain of

size (d+1)
(«l + 1) (d+1)!

J+1) T GHDid—)

= Ex. Tetrahedron = 3-simplex: /3,1
~ facets (2-dim. faces) [2“):
~ edges (1-dim. faces) 3+1) 4
\ [1+1J 22

4
T
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Complexity of 3D convex hull is O(n)

= V-E+F=2 .. Eulerformula for V = n points

= 3-simplex with the same number of points nas a
3-polytope can have more edges E and more
faces F than 3-polytope.

= For CH complexity we therefore use 3-simplex

— Triangular facets, each generates 3 edges,
shared by 2 triangles => 3F = 2E
~V-E+2E3=2

~V-2=E/3
—E=3V-6<3V=3n=0(n)
_F=2E/3=2V-4 =0(n)
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Gift wrapping in higher dimensions

= First known algorithm for n-dimensions (1970)
= Direct extension of 2D alg.
= Complexity O(nF)

~ F is number of CH facets

— Algorithm is output sensitive

— Details on seminar,
assignment [10]
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Divide & conquer 3D convex hull e songn

= Sort points in x-coord
= Recursively split, construct CH, merge
= Merge takes O(n) => O(n log n) total time
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Divide & conquer 3D convex hull e songn

= Merge(C, with C,) uses gift wrapping
~ Gift wrap plane around edge e —find new point p on C, or on C,

(neighbor of a or b)
~ Search just the CW or CCW neighbors around a, b
c,
<

PR
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Divide & conquer 3D convex hull e songn

= Performance O(n log n) rely on

~ In 2D: Ordering of points around CH
~ In 3D: Ordering of vertices around 2-polytop C,
(vertices on intersection of new CH edges vith
separating plane Ho)
[ordering around
horizon of C,and C, |~ 2
does not exist, X
both horizons may
be non-convex and
even not simple
polygons] fa—
In = 4D: Such ordering does not exist
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Divide & conquer 3D convex hull e songn

Merge(C, with C,)
= Find the first CH edge L connecting C, with C,
. e=L
= While not back at L do

— storeeto C

~ Gift wrap plane around edge e —find new point p on C, or on C,
(neighbor of a or b)

~ e=new edge to just found end-point p
~ Store new triangle ep to C
= Discard hidden faces inside CH from C

= Report convex hull C
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Divide & conquer 3D convex hull e songn

= Problem of gift wrapping eessmeza

— The edges on horizon do not form simple circle but
“barbell” 0,2,4,0,1,3,5,1

Do not stop here!

.4
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Randomized incremental alg. principle

1. Create tetrahedron (smallest CH in 3D)

~ Take 2 points p, and p,

~ Search the 3 point not lying on fine p,p

— Search the 4% point not ying in plane p,p, p; .. rotfeund, use 20 CH
2. Perform random permutation of remaining points {ps, .., p,}

3. For p,in{ps,..., b} do add point p, to CH(P,.,)
Notation: for r = 1let P, = {p,,..., p} is Set of points
— If p, lies inside or on the boundary of CH(P,.,) then do nothing

~ Ifp, lles outside of CH(P, ) then
+ find and remove visible faces
+ create newfaces (tiangles) connecting p, with lines of horizon
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Conflict graph

= Stores unprocessed points with facets of CH they see
conflicts

= Bipartite graph points facets

points p,, t > .. unprocessed points
facets of CH(P,)... facets of convex hull O

conflict arcs conflict, as visible
facets cannot be
inCH i
= Maintains sets: O
Peontici(f) - points, that see £ Feontici(pr)

FoonticPy).. facets visible from p, Poontiicrl f)
- (visible region — deleted after insertion of p,)
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Visibility between point and face

= Face fis visible from a point p if that point lies in the open
half-space on the other side of h,than the polytope
fis visible from p

7 fis not visible from rlying in the plane of
(this cased will be discussed next)

fis not visible from q
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New triangles to horizon

= Horizon = edges e incident to visible and invisible facets

= New triangle f connects edge e on horizon and point p,
and updates conflict graph [+1 facet, +arcs: visible subset
from union of both Subsets Pegge(fy) U Peonelfs) 1
= Coplanar triangles on the plane ep, are
merged with new triangle.
Conflicts are copied from the deleted triangle (same plane) ;,
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Convexity

= Aset Sis convex ’Qm’ um‘%;..

— if for any points p,q = S the lines segment 5 < S, or
— if any convex combination of p and g is in S

= Convex combination of points p, g is any point that
can be expressed as _
(1-a)p+aq,whereO<a=1 =
- Convex hull CH(S) of set S — is (similar definitions)
— the smallest set that contains S
— or: intersection of all convex sets that contain S

— Orin 2D for points: the smallest convex polygon
containing all given points
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De

ions from topology in metric spaces

- Metric space — each two of points have defined a distance ,
= rneighborhood of a point p and radius r > 0 o
= set of points whose distance to p is strictly less than 1
(open ball of diameter r centered about p)
- Given set S, point pis
— Interior point of S — if (r-neighborhood about p of radius r) = S
— Exterior point — if it lies in interior of the complement of S
— Border point — is neither interior neither exterior

Interior point —

Exterior point ——

Border point —
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Definitions from topology in metric spaces

= SetSis Open (eviens){__
—p =S 3 (neighborhood about p of radius 1) < S
- it contains only interor points, none of ts border points
= Closed (wzaviens)
~ Ifitis equal to its closure S (uzsven
¥(r-neighborhood about p of radius r) N S = @)
= Clopen (teviens  uzaviens)

— ifitis both closed and open
(a4 P rtons s whose s g han2) 5= (42,

= Bounded manitens) 0 Unbounded
— if it can be enclosed in a ball of finite radius

= Compact gompain) 2

if it is both closed and bounded

o
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