[bookmark: problem_nejblizsich_proximity_a_voronoiu][bookmark: kalibrace_realne_perspektivni_kamery_s_r][bookmark: odhad_parametru_epipolarni_geometrie_z_k][bookmark: randomizovane_algoritmy_typu_las_vegas_a]22. Problém "nejbližších" (proximity) a Voronoiův diagram. Nalezení nejbližšího bodu k jednomu vybranému bodu a nalezení všech dvojic nejbližších bodů v množině bodů. Nalezení nejbližšího bodu z množiny k zadanému bodu mimo množinu.
 
1. Problém "nejbližších" (proximity) a Voronoiův diagram. 
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(5)
takže každé dva body mají přesně mezi sebou (v pulce) dělící čáru ... tyto čáry jsou puvodně jakoby prodloužené, ale pak se sekají ... 

když protneš dva body mezi sebou, tak vždy dostaneš kolmici na tu jejich společnou zelenou line

pak je tam ještě něco s kružnicema, ale to už z hlavy nedám ... snad bude dál, ju?

nebo zkusím ...

jak máš ty 3 body napravo

tak ty lajny jejich se protinaji v jednom bode a to je stred kruznice

a ty body maji od tohoto stredu stejnou vzdalenost ...


tak se konstruuje kruznice opsana v trojuhelniku, ze se udelaji kolmice
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Nearest neighbor queries in Vor(P) of points P, tím máme: Nalezení nejbližšího bodu k jednomu vybranému bodu.
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2 – trojuhelnik ze 3 bodu a pak kolmice na jeho hrany
pro 4 body: tak udelas rekurzi a udelas tri stejne a pak asi jeden nejak pripojis
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(23)
l, r – levé a pravé body

[image: ]
(24, 25)
http://www.diku.dk/hjemmesider/studerende/duff/Fortune/   (applet)
se mluvi o tom, ze co je pred line neni vyreseno, co je za line je vyreseno a ze to co je tesne za line se jeste meni

Ukázka z appletu:
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(28)
equidistant - stejně vzdálený
znazornuji, ze to jsou paraboly u parabol plati, ze body na ni jsou stejne vzdaleny od ohniska (bodu) a primky
znazornuji, ze to jsou paraboly

u parabol plati, ze body na ni jsou stejne vzdaleny od ohniska (bodu) a primky
arc – parabola
takze kdyz parabola zmizi, vznikne vertex
zánik paraboly: kdyz ta kruznice mezi 3 bodama bude za carou, nebo kdyz dve jine ji zakryji.. to je to same
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(6)
nyni sites = usecky

takze tady mame paraboly, takze stejna vzdalenost od bodu a primky, kolem zelenych usecek delame diagramy
diagramy jsou nyni tvoreny parabolami, zoz je celkem prirozene, protoze tu porovnavame vzdalenosti bodu a primek
nebo to je nejakej bisector, asi ne nebo, ale zaroven
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(11)
asi ze existuji 3 typy, tech VD coz jsou ty E na slide 12
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(12)
2. parabola odpovida vzdalenosti bod – primka a ty cary vzdalenosti bod - bod ?
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(15)
1 je asi vypukla a 2 obracene, jj vypadá to tak ... 
3 jsou body kde se tvori ty paraboly oddelujici jednotlive segmenty
4,5 nejak nevim, ale snad to nebue dulezite
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(27)
nejvzdalenejsi body asi

no ... a co když jsou 3 zelene?

ty asi nejsou nejvzdálenější ...

vystupem je sirka mezi kruznicemi, nejmensi ... annulus - mezikruží
a ty body? treba jsou pouzity pro sestrojeni kruznic
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(28) center se udela z tech 3 bodu jako vertex diagramu
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(29) kruznice ze 2 bodu? je to nejvetsi kruznice mezi body, kde tedy uvnitr neni zadny bod
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Nalezení všech dvojic nejbližších bodů v množině bodů - tohle jsem nikde nenašel a ani nevím co to je..
co znamená dvojice nejbližších bodů?
*  *             *  *
tady je to třeba jasný dva body vlevo mají k sobě blízko a dva body vpravo mají k sobě blízko
ale:
*          *  *      *
co třeba tady?
Nalezení nejbližšího bodu z množiny k zadanému bodu mimo množinu
tady k tomu bych udělal následující:
na bodech z množiny sestrojíme VD a vložíme dovnitř bod mimo množinu a pomocí point location query (v přednášce 2) vyhledáme buňku, do které vložený bod patří a odtud zjistíme bod z množiny, kterému odpovídá nalezená buňka.
Ale tohle jako mám z hlavy, co mé tak napadlo, nikde o tom se nic nepíše
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Voronoi diagram examples

1 point 2 points 3 points

Cell
- The whole plain for 1 point

- Halfplane or strip for collinear points

- Convex (possibly unbounded) polygon
Edges of VD

- || lines for collinear points

- Halflines (for CH points)

- Line segments (for bounded cells)
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Voronoi diagram examples

16 points

Cell with O(n) vertices
From total [V| £2n-5
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Voronoi diagram and convex hull

= Convex hull

I
-
Connects points from
unbounded cells
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Delaunay triangulation

= point set triangulation (straight line dual to VD)

= maximize the minimal angle (tends to
equiangularity)
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Some applications

= Nearest neighbor queries in Vor(P) of points P
—PointqeP ... search the edges of cell
—PointqeP .. point location queries — see Lecture 2

= Facility location (shop or power plant)
~ Largest empty circle

= Neighbors and Interpolation
~ Interpolate with the nearest neighbor

= Art
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Algorithms in 2D

= D&C O(n log n)
= Fortune’s Sweep line O(n log n)




image11.png
Voronoi diagram (VD)

Divide and Conquer method

1. Split points based on x-

coord into L and R
o 2. Recursion on L and R

1-3 points => return

. >3 points => recursion

3. Merge VD, and VDg
~  + monotone chain
trim intersected edges

« Add new edges from
the chain

o(n log n)

e
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Voronoi diagram (VD)

Divide and Conquer method

1. Split points based on x-
coord into L and R

2. Recursion on L and R
1-3 points => return
>3 points => recursion

. Merge VD, and VDg
~ + monotone chain
« trim intersected edges

« Add new edges from
the chain
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1. Split points based on x-
coord into L and R

2. Recursion on L and R
1-3 points => return
>3 points => recursion
~ 3. Merge VD, and VDg
~.o * monotone chain
« trim intersected edges

+ Add new edges from
the chain




image14.png
. Split points based on x-
coord into L and R

. Recursion on L and R

1-3 points => retum

>3 points => recursion

. Merge VD, and VDg

+ monotone chain

+ trim intersected edges

« Add new edges from
the chain
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1. Split points based on x-

coord into L and R
2. Recursion on L and R

1-3 points => return
>3 points => recursion

~ 3. Merge VD, and VDg
+ monotone chain
« trim intersected edges

+ Add new edges from
the chain
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Monotone chain search in O(n)

= Avoid repeated rescanning of cell edges
= Remember the tested last edge
= Continue CW if I left, CCW if / right S

oo
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Fortune’s sweep line algorithm

= Differs from “typical” sweep line algorithm —ee—

= Unprocessed sites ahead from sweep line may
generate Voronoi vertex behind the sweep line

sweep line

o
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DONE.
Fortune’s sweep line algorithm idea “wsaws”
s

= Subdivide the halfplane above the sweep line 7
into 2 regions
1. Points closer to some site above than to sweep line I
(solved part)
2. Points closer to sweep line / than any point above
(unsolved part - can be changed by sites below /)

. Bordex between these 2 regions is a beach line

ponts equidistant
Q:‘)/ ~
swegp
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Sweep line and beach line

= Straight sweep line /
— Separates processed and unprocessed sites (points)

= Beach line (Looks like waves rolling up on a beach)
— Separates solved and unsolved regions above sweep line
(separates sites above ! that can be changed from sites
that cannot be changed by sites below /)
— x-monotonic curve made of parabolic arcs (max 2n-1)
~ Follows the sweep line

— Prevents us from missing unanticipated events unti the
sweep line encounters the corresponding site





image21.png
Beach line

= Every site p; above / defines a complete parabola

= Beach line is the function, that passes through the
lowest points of all the parabolas (lower envelope)
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Break point

= Intersection of two arcs on the beach line
= Equidistant to 2 sites and sweep line 7
= Lies on Voronoi edge of the final diagram
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Events

There are two types of events:

= Site events (SE)

— When the sweep line passes over a new site p,,
new arc is added to the beach line

— All SE's known from the beginning (sites sorted by y)

= Voronoi vertex event ([Berg] calls a circle event)
~ When the parabolic arc shrinks to zero and disappears,
new Voronoi vertex is created
~ Created dynamically by the algorithm
for = triples of neighbors on the beach line
(triples changed by both types of events)
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Site event

Loy P K, ] Pi. pi, pi, pk, ..
Generated when the sweep line passes over a site p;
— New arc starts as vertical ray from p, to the beach line
— As the sweep line sweeps on, the arc grows wider

— The entry (..., p,,...) on the sweep line status is
replaced by the triple (..., py, py, py,.-)

— Dangling future edge is created on the bisector (p, p;)
This is the onlv place where new arcs are created @ v
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Voronoi vertex event (circle event)

P }\/wiw Py \\%m

[ pi, pi, Pk, .1 = pi, K, ]

Generated when 7 passes the lowest point of circle
— Sites p,, p;, p; appear consecutively on the beach line

— Circumcircle lies partially below the sweep line
(Voronoi vertex has not yet been generated)

— This circumcircle contains no point below the sweep line
(o future point will block the creation of the vertex)

Vertex & bisector (p, p,) created, (p, p;) & (p, py)deleted
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Incremental construction — bounded cell





image27.png
Incremental construction — unbounded cell
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Voronoi diagram of line segments

Input: S = {s,, ..., s,} = set of n disjoint line segments (sites)
VD:  —line segments B
— parabolic arcs /

et
T2
T3
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VD of line segments with bounding box

standard
DCEL
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Bisector of 2 line-segments in detail

= Consists of line segments and parabolic arcs

Distance from point-to-object is measured to the closest point on the object
(perpendicularly to the object silhouette)

— Line segment — bisector of end-points or of interiors
— Parabolic arc — of point and interior of a line segment

Biectornas 7 pars

nputine seqments

PGB A oV 45 K Y- o
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Voronoi diagram of line segments

More complex bisectors of line segments

~ line segments and parabolic arcs
Still combinatorial complexity of O(n)
Assumptions on the input line segments:

— non-crossing

— strictly disjoint end-points (slightly shorten the segm.)

‘Shared endpoints cause complication:
The whole region is equally close
to two line segments
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Voronoi diagram of line segments

= Variant with edges of segment end-points
= Two types of Voronoi vertices:
— Type 3 - three different objects
~ Type 2 - two objects
(segment and one
of its end-points) Q
= Contains also 2D areas N .

~ Not only 1D line segments
and parabolic arcs
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VD of points and line segments
2 points

Point & segment 2 line segments

\e
. \
. \e 1

L)

—
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Beach line

Points with distance to the closest site above sweep line /
equal to the distance to 7
= Beach line contains
~ parabolic arcs when closest to end-point

~ straignt line segments when closest to a site interior
(ust the part of interior above ! for intersection s with 1)

(This is the shape of the beach ling)
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Beach line breakpoints types

Point p is equidistant from 7 and
(equidistant and closest to)

1

2
3
4

two site end-points
two site interiors
end-point and interior
one site end-point

site interior intersects /

=> traces a VD line segment

=> traces a VD line segment

=> traces a VD parabolic arc

=> traces a line segment
(border of the slab
perpendicular to the site)

=> intersection traces a line
segment

Cases 4 and 5 involve only one site and therefore do

not form a Voronoi diagram arc (used by alg. only)
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Breakpoints types and what they trace

Parabolic arc on the
beach line:

= 12trace aline segment (part of VD edge)
= 3 traces a parabolic arc (part of VD edge)

= 45 trace a line segment  (used only by the algorithm)
~ 4 limits the siab perpendicular to the line segment
~ 5 traces the intersection of input segment with a sweep line

(This is the shape of the traced VD arcs) — m -
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Site event — sweep line reaches an endpoint

= At upper endpoint
— Arc above is split into two
— 4 new arcs are created A —
(2 parabolas + 2 segments) -
~ Breakpoints for 2 segments
are of type 4-5-4.
— Breakpoints for parabolas 13 s
depend on the surrounding
sites ‘
- Type 1 for two end-points
- Type 3 for endpoint and interior
- etc.

1 (or3oreven
epending on
mutual positions)
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Site event — sweep line reaches an endpoint

= At lower endpoint

— Intersection with interior N\re Y
(breakpoint of type 5) - !

— is replaced by two breakpoints
(of type 4) A
with parabolic arc between them
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Circle event — lower point of circle of 3 sites

= Two breakpoints meet (on the beach-line)

= Solution depends on their type
— Any of first three types meet
- 3 sites involved — Voronoi vertex created
~ Type 4 with something else
~ two sites involved — breakpoint changes its type
~ Voronoi vertex not created
(Voronoi edge may change its shape)
~ Type 5 with something else
~ never happens for disjoint segments.
(meet with type 4 happens before)
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Motion planning example - retraction ruseninran

Find path for a circular robot of radius r from Osfart to Qend
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Motion planning example - retrac

N Ruseni hran

Find path for a circular robot of radius r from Qg to Q,,q

= Create Voronoi diagram of line segments,
take it as a graph

= Project Oy 0 Pygq 001 VD and Qupgto Py

= Remove segments with distance to sites smaller than
radius r of a robot

= Depth first search if path from Py, to P,y exists
= Report path Qe Py Path.... Pyt Qg

= O(nlog n) time using O(n) storage
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Order-2 Voronoi diagram

V(p,p) - the set of points
of the plane closer
to each of p, and p
than to any other site

Vs

v(1.2)

Property
The order-2 Voronoi

regions are convex v, 5
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Construction of V(3,5)

Intersection of all halfplanes /(3. x) ~ ()
except H(3,5)and H(53) s = .
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Order-2 Voronoi edges

edge : set of centers of
circles passing through
2sites sand t and
containing 1 site p

=>c s

Question
‘Which are the regions
on both sides of ¢(s.f) 2

=>V(p.s) and V(p.t)
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Order-2 Voronoi vertices

Vertex  center of a circle
passing through at least
3 sites and containing
either 1 or 0 site

=>uy(Q) or ug(Q U p)

(circle circumscribed to Q)
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Order-k Voronoi Diagram

Theorem
The size of the order-k
diagrams is O(k(n-k))

va23)
Theorem
The order-k diagrams
can be constructed from
the order-(k-1) diagrams
in O(k(n-k)) time:

Corollary
The order-k diagrams can
be iteratively constructed
in O(n Iog n + K2(n-k)) time
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Order n-1 = Farthest-point Voronoi diagram

Va(7) =V, (123456
= set of points in the
plane farther from p=7
than from any other
site

Vory(P) = Vor,.,(P)
= partition of the plane
formed by the farthest
point Voronoi regions,
their edges, and
vertices
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Farthest-point Voronoi diagrams example

Roundness of manufactured objects
= Input: set of measured points in 2D

= Output: width of the smallest-width annulus
(region between two concentric Circles Cge; and Coye)

Three cases:
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Smallest width annulus — cases with 3 pts

Cinner CONaNS at least 3 points
= Center s the vertex of normal Voronoi
diagram

= The remaining point on C oy, in O(n) for

©8CN VEIEX ot somst trcraes enoy crce - ermarii

3in—1out

Couer CONtaIns at least 3 points

= Center s the vertex of the
farthest Voronoi diagram

= The remaining point on C e, in

[o1(1)
1 pointin 3 out e ot v s 5
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Smallest width annulus — case with 2+2 pts

Cinner Nd Coyy, CONtaIN 2 points each
= Generate vertices of overlay of Voronoi and
farthest-point Voronoi diagrams
=> 0(n?) candidates for centers
(we need vertices, not the
whole overlay)
= annulus computed in O(1)
from center and 4 points
(same for all 3 cases)
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Farthest-point Voronoi diagram

Valp)

= set of points in the
plane farther from p;
than from any other
site

Vor.,(P)
= partition of the plane
formed by the farthest
point Voronoi regions,
their edges, and
vertices
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Farthest-point Voronoi region (cell)

Computed as intersection
of halfplanes, but we take
“other sides” of bisectors

Construction of V_,(7)
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Voronoi diagram (VD)

= One of the most important structure in Comp. geom.
= Encodes proximity information
What is close to what?
= Standard VD - this lecture
~ Set of points - nDim
~ Euclidean space & metric
= Generalizations

— Set of line segments or curves
~ Different metrics
— Higher order VD's (furthest point)
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Farthest-point Voronoi region

Properties

= Only vertices of the convex hull have their cells in farthest
Voronoi diagram

= The farthest point
Voronoi regions
are unbounded

= The farthest point
Voronoi edges and
vertices form a tree
(in the graph sense)

Vi@
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Farthest point Voronoi edges and vertices

edge : set of points equidistant vertex : point equidistant from
from 2 sites and closer to atleast 3 sites and closer to
all the other sites all the other sites.
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Application of Vor,(P) : Smallest enclosing circle

= Construct Vor_,(P) and find minimal circle with
centerin Vor_,(P) vertices or on edges
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Modified DCEL for farthest-point Voronoi d

= Half-infinite edges -> we adapt DCEL
= Half-edges with origin in infinity
~ Special vertex-like record for origin in infinity
— Store direction instead of coordinates
— Next(e) or Prev(e) pointers undefined
= For each inserted site p; .

— store a pointer to the most
CCW half-infinite half-edge
of its site in DCEL

.
cellof p;

Pig.
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Farthest-point Voronoi d. construction

Insertion of site p,

cell of
cew(pi)

o O
ow(pi)
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Farthest-point Voronoi d. construction

oli After insertion of site p,

cw(pi)
.

cell of
ow(pi) cell of pj
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Voronoi cell (for points in plane)

= LetP={p, p, ... p,} be a set of points (sites) in
dDim space 2D space (plane) here

= Voronoi cell V(p;)
= set of points closer to p; than to any other site:

<“P,11H Vj #i}, where

\qu” is the Euclldean dlstance between p and q

= intersection of open halfplanes
Vip)=p,p,)

hp,.p,) = open halfplane
= set of pts strictly closer to p; than to P
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Voronoi diagram (in plane)

= Voronoi diagram Vor(P) of points P
= what is left of the plane after removing all the
open Voronoi cells
= collection of line segments [
(possibly unbounded.)

Edge

Vertex

Region around

Site (given point) ~ the site is cell
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Edges, vertices and largest empty circles

Largest empty circle Cp(q) contains for
1. Voronoi vertex q - 3 or more sites on its boundary
> Voronoi edge - contains exactly 2 sites on its





